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f (R) gravity & its representations
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Which frame is physically correct?

from Bhadra et. al., MPLA 22(2007)367
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The conformal transformation’s controversy: what are we missing?
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An alternative interpretation of the conformal transformations of the metric is discussed according
to which the latter can be viewed as a mapping among Riemannian and Weyl-integrable spaces. A
novel aspect of the conformal transformation’s issue is then revealed: these transformations relate
complementary geometrical pictures of a same physical reality, so that, the question about which
is the physical conformal frame, does not arise. In addition, arguments are given which point out
that, unless a clear statement of what is understood by ”equivalence of frames” is made, the issue
is a semantic one. For definiteness, an intuitively ”natural” statement of conformal equivalence is
given, which is associated with conformal invariance of the field equations. Under this particular
reading, equivalence can take place only if the metric is defined up to a conformal equivalence class.
A concrete example of a conformal-invariant theory of gravity is then explored. Since Brans-Dicke
theory is not conformally invariant, then the Jordan’s and Einstein’s frames of the theory are not
equivalent. Otherwise, in view of the alternative approach proposed here, these frames represent
complementary geometrical descriptions of a same phenomenon. The different points of view existing
in the literature are critically scrutinized on the light of the new arguments.

PACS numbers: 02.40.-k, 02.40.Ky, 02.40.Hw, 04.20.-q, 04.20.Cv, 04.50.Kd, 04.50.+h, 11.25.Wx

I. INTRODUCTION

Brans-Dicke (BD) theory of gravity [1] represents the
most simple generalization of general relativity (GR).
The theory is parametrized by a constant parameter ω –
the BD coupling. Up to a boundary term in the action
the vacuum BD field equations can be derived from:

SBD =
1

16π

∫

d4x
√
−g eϕ

[

R− ω(∇ϕ)2
]

, (1)

where R is the curvature scalar, (∇ϕ)2 ≡ gµν∇νϕ∇µϕ,
and we have introduced the BD scalar field ϕ which is re-
lated to the original one [1] through φ = eϕ. The derived
field equations – which model the BD laws of gravity –
are

Gµν = ω

[

∂µϕ∂νϕ−
1

2
gµν(∇ϕ)2

]

+ ∂µϕ∂νϕ

−gµν(∇ϕ)2 +∇µ∇νϕ− gµν!ϕ, (2)

where ! ≡ gµν∇µ∇ν , and the Klein-Gordon (KG) equa-
tion for the scalar field:

aElectronic address: iquiros@fisica.ugto.mx
bElectronic address: rigarcias@ipn.mx
cElectronic address: madrizaguilar@yahoo.com.mx
dElectronic address: tmatos@fis.cinvestav.mx

(2ω + 3)[!ϕ+ (∇ϕ)2] = 0. (3)

The theory can be formulated in different sets of field
variables [2], among which we may cite BD gravity in
Jordan’s frame (JF) variables – the standard formulation
of the theory [1] given by equations (1), (2), (3) – and BD
theory in the so called Einstein’s frame (EF) [2], which
can be obtained from the Jordan frame formulation by a
conformal transformation of the metric ḡµν = eϕgµν . For
vacuum, up to a boundary term in the action, the latter
formulation of the theory can be derived from,

S̄BD =
1

16π

∫

d4x
√
−ḡ

[

R̄−
(

ω +
3

2

)

(∇̄ϕ)2
]

, (4)

where the over-bar means the quantities are given in
terms of the conformal metric ḡµν . The derived field
equations, plus the KG equation are,

Ḡµν =

(

ω +
3

2

)[

∂̄µϕ∂̄νϕ−
1

2
ḡµν(∇̄ϕ)2

]

, (5)

and

!̄ϕ = 0, (6)

respectively. Equivalence of JF and EF formulations of
BD theory of gravity under conformal transformations of
the metric, also known as transformations of units [2],
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Conformal frames are physically indistinguishable
The conformal transformation:

g

J
µ⌫(xA) �! g

E
µ⌫(xA) = ⌦

2
(x

↵
) g

J
µ⌫(xA)

• The conformal factor ⌦ is position-dependent

• Physics must be invariant under a choice of the units

• Rescaling the units of length, time, and mass is a conformal

transformation

• Frames J and E are physically equivalent provided that the

units of physical quantities are allowed to scale with ⌦

n
in E

• We keep the units fixed in J while admit them to run in E

• Conformal transformations are rescalings of units, i.e.
frame transformations,NOT coordinate transformations



Running units, an example
• The cosmological redshift is the shift in the spectra of the dis-

tant light sources in the universe when compared with the spec-

tra of the light sources on the Earth:

1 + z ⌘ �0

��

where �0 is the wavelength of a spectral line of the distant

source observed on the Earth, and �� is that of the source on

the Earth.

Chi, Gu & Lee (2013)



• Consider a Robertson-Walker metric in the Jordan frame:

ds

2
= �a

2
(⌘)

�
�d⌘

2
+ dx

2
+ dy

2
+ dz

2
�

and consider the conformal transformation,

g̃µ⌫(x) = ⌦

2
(x)gµ⌫(x) , ⌦(x) = 1/a(⌘)

that transforms the Robertson-Walker metric in the Jordan

frame to a Minkowskian metric in the Einstein frame:

ds̃

2
= �d⌘

2
+ dx

2
+ dy

2
+ dz

2

Running units, an example



• In the Jordan frame, due to the expansion of the universe, the

wavelength of a light will be redshifted by a factor

a(⌘0)

a(⌘s)
⌘ 1 + zg

when traveling from the source to the Earth, where ⌘0 and ⌘s
respectively denote the present time and the time when the

light is emitted, and zg denotes the gravitational redshift. Ac-

cordingly,

�0 = [a(⌘0)/a(⌘s)]�em

where �em is the wavelength of the light when emitted.

Running units, an example



• If we further assume that in the Jordan frame the wavelength

of a spectral line at the source at the emission time is the same

as that on the Earth at present, i.e.,

�em = ��

we will obtain

1 + z ⌘ �0/��

= [a(⌘0)/a(⌘s)] (�em/��)

= a(⌘0)/a(⌘s) ⌘ 1 + zg

Running units, an example



• In contrast, in the Einstein frame there is no gravitational red-
shift because the space-time is Minkowskian in this example,
and therefore

�

E
0 = �

E
em

• However, there is another redshift caused by the conformal
transformation that makes the units in the Einstein frame run-
ning (i.e., di↵erent units at di↵erent space-time points), if we
assume the units are fixed in the Jordan frame.

• In this case the units depend on time due to the time-dependent
conformal factor, ⌦(x) = 1/a(⌘). In particular, in the Einstein
frame the length unit `Eu at di↵erent times are related by

`

E
u(⌘1)/`

E
u(⌘2) = ⌦(⌘1)/⌦(⌘2) = a(⌘2)/a(⌘1)

Running units, an example



Running units, an example
• Accordingly, the length unit at the emission time and that at

present are di↵erent. For example, the length 1 meter at the

emission time is di↵erent from 1 meter at present, and they are

related by 1m

E
(⌘em) = [a(⌘0)/a(⌘em)] 1mE

(⌘0)

• As a consequence, the wavelength of a spectral line of the dis-

tant source at the emission time and that of the source on the

Earth at present are di↵erent and related by

�E
em = [a(⌘0)/a(⌘em)]�

E
�

and therefore in the Einstein frame

1 + zE ⌘ �E
0/�

E
�

= �E
em/�

E
�

= a(⌘0)/a(⌘em)

= 1 + zg = 1 + z





Rescaling of Units



Measured values of a physical quantity

Chi, Gu & Lee (2013)



Redshifts



CMB Temperature



Distances



Hubble parameter

Chi, Gu & Lee (2013)



H is not a fiq, but aH is!

from S. Capozziello et. al., PLB 689 (2010) 117



Geodesics in Jordan/Einstein representations

Quiros et. al. arXiv:1108.5857

In the Jordan frame:

5

where, in the right-hand-side (RHS) of the above equa-
tions, stand usual Riemannian magnitudes, including
the curvature scalar R, the Ricci tensor Rµν , the Ein-
stein’s tensor Gµν = Rµν −gµνR/2, the covariant deriva-
tive operator ∇µ, and the D’lambertian operator ! ≡
gµν∇µ∇ν , which are defined in terms of the Christof-
fel symbols (11). Weyl-integrable curvature quantities,
instead, are defined in terms of the WI affine connection

Γ α
βγ = { α

βγ}+
1

2

(

δαβ∂γϕ+ δαγ ∂βϕ− gβγ∂
αϕ

)

. (18)

The WI Ricci and Einstein’s tensors R(w)
µν and G(w)

µν are
unchanged by the Weyl rescalings (15), while R̄(w) =
Ω−2R(w), so that the scale-invariant measure of scalar
curvature is the quantity, e−ϕ R(w). Note, in between,
that the quantity, eϕ/2ds, is a scale-invariant measure of
spacetime separations. Other scale-invariant quantities
of WIG are:

e−2ϕR(w)
µν Rµν

(w), and, e
−4ϕR(w)

αβµνR
αβµν
(w) . (19)

Time-like geodesics in a WI space are described by the
following scale-invariant equation [25]:

d

ds

(

dxα

ds

)

+ Γα
µν

dxµ

ds

dxν

ds
−

1

2
∂µϕ

dxµ

ds

dxα

ds
= 0, (20)

where, as before, Γα
µν is the affine connection of the WI

space (18), and the third term in the LHS of the equation
is originated from variations of the units of length from
point to point in the manifold. The latter term can be
removed by an appropriate affine parametrization σ =
σ(s) ⇒ dσ = eϕ/2ds, so that the above geodesic equation
can be rewritten in the standard way:

d

dσ

(

dxα

dσ

)

+ Γα
µν

dxµ

dσ

dxν

dσ
= 0. (21)

The null geodesic equation is similar to Eq.(20) but with
replacement of ds → dλ, where λ is an affine parameter
along the null geodesic path. Unlike the standard case
discussed in the bibliography (see, for instance [10, 41]),
here the affine parameter λ shares the same transforma-
tion properties with the interval ds under (7), namely
dλ̄ = Ω dλ.

III. TWO FACES OF CONFORMAL
TRANSFORMATIONS

In this section we will explore an aspect of the con-
formal transformation’s issue which has not been dis-
cussed so far. Transformations (7) are usually under-
stood as a mapping from Riemannian spaces into Rie-
mannian spaces (first viewpoint below). Former studies

of the issue have been performed under the implicit as-
sumption that this interpretation of (7) is the only pos-
sible. Here we will show that an alternative geometric
interpretation of the conformal transformations is indeed
possible (point of view exposed in subsection III B). Let
us assume we apply a transformation (7) on the metric
gµν of a Riemann’s space. This means, in particular, that
the connections of the starting manifold coincide with the
Christoffel symbols of the metric (11), and, consequently,
that the Riemann “metricity” condition (13) is satisfied,
resulting in that the length units in the starting space
are point-independent. Under (7) the Christoffel sym-
bols transform as:

{

α
µν

}

= ¯{

α
µν

}

− Ω−1
(

δαµ∂νΩ

+δαν ∂µΩ− ḡµν ḡ
ασ∂σΩ) . (22)

If one compares this equation with Eq.(18), where the
affine connection of a WI space is defined, one is left
with two possibilities to build an affine structure into the
conformal space.

A. First point of view: Riemann!→Riemann

One possibility is just to consider the conformal man-
ifold endowed with a Riemannian structure, so that
Eq.(22) is just the transformation law relating

{

α
µν

}

with
¯{

α
µν

}

under (7). Assuming this interpretation – the point
of view adopted by most researchers in the field – then
the Riemannian metricity condition (13) is unchanged, i.
e. in the conformal space,

∇̄µḡαβ = 0, (23)

so that the affine properties of space are not modified. In
this case the transformation (7) is just a mapping from
Riemann’s space into Riemann’s space:

γRR : Riemann &→ Riemann ⇔
(M, gµν) &→ (M, ḡµν). (24)

Adopting this point of view amounts to consider that
the units of length in the conformal space are point-
independent as well. This is the most widespread view-
point and it is not consistent with considering (7) as a
transformation of units in the sense of [2]. Under this
understanding, it happens, for instance, that time-like
geodesics in the starting Riemannian space,

d

ds

(

dxα

ds

)

+
{

α
µν

} dxµ

ds

dxν

ds
= 0, (25)

In the Einstein frame:

6

are mapped into time-like curves which are not geodesics
in the conformal (also Riemannian) space,6

d

ds̄

(

dxα

ds̄

)

+ ¯{

α
µν

}dxµ

ds̄

dxν

ds̄
=

∂µΩ

Ω

(

dxµ

ds̄

dxα

ds̄
− ḡµα

)

. (26)

Actually, it can be shown that, by means of an appropri-
ate parametrization, one could remove the first term in
the right-hand-side (RHS) of Eq. (26) (see, for instance,
Ref.[42]), however, the second term can not be elimi-
nated [10]. In other words, the above equation does not
admit an affine parametrization whatsoever, signaling a
truly non-geodesic character of (26). From the physical
point of view, i. e., if identify the latter equation with
the equation of motion of a test point-particle, the sec-
ond term in the RHS can be identified with an additional
force of non-gravitational origin acting on the test parti-
cle, commonly called ”five-force”. The latter happens to
be an actual property of the laws of motion of a time-like
particle in the conformal frame.

B. Second point of view: Riemann!→Weyl

The second possibility – not explored so far in connec-
tion with the conformal transformation’s issue – can be
consistently matched with the interpretation of (7) as a
transformation of units in the sense of Ref.[2]. It is based
on the following subtlety: take a second look at Eq.(22),
and then, by comparing with (18), notice that one can
safely identify the RHS of (22) with the definition of the
affine connection,

Γ̄ α
µν ≡ ¯{ α

µν}− Ω−1
(

δαµ∂νΩ+ δαν ∂µΩ− ḡµν ∂̄
αΩ

)

,

of a conformal WI space (M, ḡµν ,Ω). Then, under (7),
{

α
µν

}

→ Γ̄ α
µν , ∇µ → ∇̄(w)

µ , so that the Riemannian
metricity condition (13) transforms into the WI metricity
condition of the conformal space (compare with Eq.(23)):

∇̄(w)
µ ḡαβ = 2Ω−1∂µΩ ḡαβ, (27)

where the conformal factor Ω plays the role of the gauge
scalar of the WI space.7 According to this viewpoint,
under the conformal transformation (7), the original Rie-
mannian space is mapped into a conformal WI space:

γRW : Riemann %→ Weyl ⇔
(M, gµν) %→ (M, ḡµν ,Ω). (28)

6 A different point of view on this property is exposed in [10] (see,
however, the discussion in Sec.VII B).

7 Notice that if one suppresses the over bar and identifies ϕ ≡
lnΩ−2, then, there is full resemblance with Eq.(14) of Sec.II A.

That Eq.(27) is not just a convenient rewriting of Eq.(23)
can be straightforwardly demonstrated. In the first place,
notice that while the metricity condition (27) is invariant
under the following Weyl rescalings (compare with (15)):

ḡαβ → ¯̄gαβ = λ2ḡαβ , Ω → Ω̄ = Ω− λ,

the Riemannian metricity condition (23) does not obey
this symmetry. The consequence is that, according to the
first point of view displayed in Eq.(24), a unique metric
tensor ḡαβ is single out, meanwhile, according to Eq.(28)
– since, as mentioned, the WI metricity property (27) is
invariant under the above Weyl rescalings – one is faced
with a whole equivalence class of conformal metrics in-
stead. In the second place, it is not difficult to prove
that, according to (28), under (7), Riemannian time-like
geodesics (25) are mapped into time-like geodesics of the
conformal Weyl-integrable space:8

d

ds̄

(

dxα

ds̄

)

+ Γ̄α
µν

dxµ

ds̄

dxν

ds̄
+
∂µΩ

Ω

dxµ

ds̄

dxα

ds̄
= 0, (29)

or, if choose an appropriate affine parametrization, σ̄ =
σ̄(s̄) ⇒ dσ̄ = Ω−1ds̄, the above equation can be rewritten
in the more standard way (see Sec.II A):

d

dσ̄

(

dxα

dσ̄

)

+ Γ̄α
µν

dxµ

dσ̄

dxν

dσ̄
= 0. (30)

This is to be contrasted with the usual understanding of
the conformal transformations – displayed by Eq.(24) –
according to which, Riemannian time-like geodesics (25)
are mapped into curves (26), which do not admit an
affine parametrization whatsoever and, hence, can not
be geodesics (this is clearly demonstrated, for instance,
in Ref.[10]). This subtlety and the resulting alternative
interpretation of the conformal transformation (7) dis-
played in Eq.(28), has not been explored before in con-
nection with the conformal transformation’s issue. The
consequences of this novel aspect of the issue for gravity
theories (BD theory in particular) is one of the subjects
that will be investigated in the following sections.

IV. CONFORMAL TRANSFORMATIONS:
RIEMANN !→RIEMANN VS RIEMANN !→WEYL

It is obvious that both interpretations of the conformal
transformations (7): γRR (Eq.(24)), and γRW (Eq.(28)),
are mathematically correct, however, both have different
geometrical (and physical) implications. In this section
we will be assuming we deal with theories which are not

8 Compare with WI geodesic equations given in Eq.(20). Complete
resemblance with (20) is obtained if set, Ω2 = e−ϕ ⇒ ∂µΩ/Ω =
−∂µϕ/2.

By proper re-parametrize the affine parameter and employing the 
relation between the Christoffel symbol in the two frames, it is 
straightforward to show that the geodesic equation becomes

6

are mapped into time-like curves which are not geodesics
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the right-hand-side (RHS) of Eq. (26) (see, for instance,
Ref.[42]), however, the second term can not be elimi-
nated [10]. In other words, the above equation does not
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point of view, i. e., if identify the latter equation with
the equation of motion of a test point-particle, the sec-
ond term in the RHS can be identified with an additional
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cle, commonly called ”five-force”. The latter happens to
be an actual property of the laws of motion of a time-like
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The second possibility – not explored so far in connec-
tion with the conformal transformation’s issue – can be
consistently matched with the interpretation of (7) as a
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condition of the conformal space (compare with Eq.(23)):
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where the conformal factor Ω plays the role of the gauge
scalar of the WI space.7 According to this viewpoint,
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That Eq.(27) is not just a convenient rewriting of Eq.(23)
can be straightforwardly demonstrated. In the first place,
notice that while the metricity condition (27) is invariant
under the following Weyl rescalings (compare with (15)):

ḡαβ → ¯̄gαβ = λ2ḡαβ , Ω → Ω̄ = Ω− λ,

the Riemannian metricity condition (23) does not obey
this symmetry. The consequence is that, according to the
first point of view displayed in Eq.(24), a unique metric
tensor ḡαβ is single out, meanwhile, according to Eq.(28)
– since, as mentioned, the WI metricity property (27) is
invariant under the above Weyl rescalings – one is faced
with a whole equivalence class of conformal metrics in-
stead. In the second place, it is not difficult to prove
that, according to (28), under (7), Riemannian time-like
geodesics (25) are mapped into time-like geodesics of the
conformal Weyl-integrable space:8
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or, if choose an appropriate affine parametrization, σ̄ =
σ̄(s̄) ⇒ dσ̄ = Ω−1ds̄, the above equation can be rewritten
in the more standard way (see Sec.II A):
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This is to be contrasted with the usual understanding of
the conformal transformations – displayed by Eq.(24) –
according to which, Riemannian time-like geodesics (25)
are mapped into curves (26), which do not admit an
affine parametrization whatsoever and, hence, can not
be geodesics (this is clearly demonstrated, for instance,
in Ref.[10]). This subtlety and the resulting alternative
interpretation of the conformal transformation (7) dis-
played in Eq.(28), has not been explored before in con-
nection with the conformal transformation’s issue. The
consequences of this novel aspect of the issue for gravity
theories (BD theory in particular) is one of the subjects
that will be investigated in the following sections.

IV. CONFORMAL TRANSFORMATIONS:
RIEMANN !→RIEMANN VS RIEMANN !→WEYL

It is obvious that both interpretations of the conformal
transformations (7): γRR (Eq.(24)), and γRW (Eq.(28)),
are mathematically correct, however, both have different
geometrical (and physical) implications. In this section
we will be assuming we deal with theories which are not

8 Compare with WI geodesic equations given in Eq.(20). Complete
resemblance with (20) is obtained if set, Ω2 = e−ϕ ⇒ ∂µΩ/Ω =
−∂µϕ/2.



Summary
• Conformal transformation is merely the rescaling of units, not
the transformation of coordinates

• JF and EF are indeed physically equivalence, or physically in-
distinguishable, at least in the regime of classical gravity

• One must carefully select the corresponding physical quantities
to compare within these two frame


